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Euler-Based Inverse Method for Turbomachine Blades
Part 1: Two-Dimensional Cascades

T. Dang* and V. Isgro*
Syracuse University, Syracuse, New York 13244-1240

A three-dimensional inverse method for the aerodynamic design of turbomachine blades using robust time-
marching algorithms for the numerical solutions of the Euler equations is proposed. In this inverse method, the
circumferential mass-averaged tangential velocity (or the blade loading) is the primary specified flow quantity, and
the corresponding blade geometry is sought after. The presence of the blades is represented by a periodic array of
discrete body forces which is included in the equations of motion. A four-stage Runge-Kutta time-stepping scheme
is used to march a finite volume formulation of the unsteady Euler equations to a steady-state solution. Modification
of the blade geometry during this time-marching process is achieved using the flow-tangency conditions along the
blade surfaces. In this paper, the method is demonstrated for the design of two-dimensional infinitely thin cascaded
blades ranging from the subsonic to the supersonic flow regimes, including cases with rotational flows and complex
shock structures in the flow passage.

I. Background

DEVELOPMENT of turbomachinery blading with optimum
aerodynamic efficiency has long been a design challenge. In

the past, the problem was solved mostly by an approach which
would depend on the past experience of the designers. The de-
signers must have knowledge of how the blade geometry must
be modified to achieve the desired performance. In more recent
years, two-dimensional blade-to-blade inverse methodologies1"5

have been developed and can now be employed to design blade
profiles more readily. These inverse methods are based on the idea
of specifying certain desired flow quantities and solving for the
corresponding blade shape. Although these blade-to-blade inverse
methods have been very useful design tools, the two-dimensional
assumption is not accurate for turbomachine applications. Impor-
tant flow phenomena that cannot be modeled by two-dimensional
blade-to-blade methods include three-dimensional shock structures,
secondary flows, and tip clearances.

Recently, a fully three-dimensional inverse method for the de-
sign of turbomachinery blading was proposed.6"8 In this method,
called the circulation method, the primary prescribed flow quantity
is the pitch-averaged tangential velocity in the bladed region (re-
lated to the work distribution or the blade loading), and the calcu-
lated quantity is the three-dimensional blade geometry. The method
has been successfully demonstrated for the design of infinitely thin
blades in transonic flows,9 viscous flows,10 and blades with finite
thickness.11 Design studies for radial inflow turbines were carried
out with this method, and the results were validated using exist-
ing Euler and Navier-Stokes computational fluid dynamics (CFD)
analysis codes12 and with an experimental verification program.13

In the circulation method, the classical aerodynamic approach of
representing the blades as bound vortex sheets is adopted, and the
equations of motion are cast in terms of Clebsch variables. As the
majority of the existing analysis tools14"16 are formulated in terms
of conservative variables rather than Clebsch variables, we launched
an investigation into the possibilities of reformulating the circulation
method in terms of conservative variables. We have accomplished
this goal by demonstrating the method in two dimensions using an
existing time-marching algorithm for the Euler equations.

The principal idea in this newly developed inverse method con-
sists of replacing the presence of the blades with a periodic discrete
body-force field. This body-force field is included in the equations of
motion, and an existing time-marching algorithm17 is employed to
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integrate the finite volume formulation of the unsteady Euler equa-
tions to a steady-state solution. During this time-marching process,
the blade geometry is modified using the flow-tangency boundary
conditions along the blade surfaces.

II. Prescribed Quantities for Inverse Method
The conventional choices for the prescribed flow conditions in

many blade-to-blade two-dimensional and quasi-three-dimensional
inverse methods are the Mach number or pressure distributions along
the blade pressure and suction surfaces.1"3'5 These pressure distri-
butions are chosen to avoid flow separation on the blade surfaces
at the design condition. Strictly speaking, however, this design phi-
losophy only applies to the two-dimensional case where it is known
a priori that the streamlines along the blade surfaces lie in the
two-dimensional plane under consideration. For three-dimensional
flows, although this design philosophy may be adequate for external-
flow applications such as the design of aircraft wings, it may not
be satisfactory for internal-flow applications. The main reason is
that in the flow passage of a turbomachine the potential presence
of large radial velocities (i.e., secondary flows, tip-clearance flows)
introduces excessive warping of a given stream surface across the
blade passage. Thus, an accurate estimation of the locations of the
blade-surface streamlines prior to a fully three-dimensional design
calculation is a very difficult task. The other complication with this
choice of prescribed flow quantity is the question of how arbitrar-
ily one can specify the blade-surface pressure distributions at the
different spanwise locations. It appears that certain criteria exist be-
tween the pressure distributions at the different spanwise stations,
the simplest link being the radial-equilibrium condition.

In this study, the choice of prescribed quantities follows along
the line of the general theory summarized in Tan et al.8 for design-
ing highly loaded blades in three dimensions. In this fully three-
dimensional inverse method, the primary prescribed flow quantity
is chosen to be the pitch-averaged fluid angular momentum per unit
mass in the bladed region. This prescribed flow quantity, denoted
by rV0, is defined as8

rVe(r,z) = B 2"/B

(1)

where B is the number of blades. In two dimensions, the equivalent
prescribed flow quantity is the pitch-averaged tangential velocity
component, denoted by Vy. This quantity is defined as

i f
s Jo

Vy(x.y)dy (2)

where s is the blade spacing-to-chord ratio.
2309
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The pitch-averaged tangential velocity is a useful prescribed flow
quantity because turbomachine blades supply energy or extract en-
ergy from a flowing fluid by imparting a change in the fluid's angular
momentum about the axis of rotation. For the stator vanes, A(r VQ)
is the most appropriate quantity to prescribe because the function of
these vanes in a turbomachine is to remove swirl (in a compressor)
or add swirl (in a turbine) to the flow.

Once the overall change in the tangential velocity is established,
the next task is to decide how to distribute this change in the bladed
region. Novak and Haymann-Haber4 and Tan et al.8 have shown that
the rate of change of the mean tangential velocity along the mean
streamwise direction is related to the blade loading. Although the
specification of the blade loading seems somewhat arbitrary, this
type of design specification is used by many design offices in their
throughflow methods,18"20 and blade-to-blade inverse method.4

The other primary prescribed quantity in the circulation method
is the blade thickness distribution.11 The specification of the blade
thickness distribution ensures that the designed blade is always
closed. In addition, it allows for some control over the constraints
set by structural and manufacturing requirements.

III. Theory
In this section, the theory is developed for infinitely thin blades

and inviscid flows in two dimensions. The theory, however, is for-
mulated so that it is readily extended to three dimensions and to
include blade thickness21 and three-dimensional viscous effects.16

A. Blade Body Force
In this proposed method, the infinitely thin blades are modeled

by a discrete body-force field. The use of the body-force concept
to model the presence of blade rows in turbomachine was first pro-
posed by Marble22 in axisymmetric flows. The concept of a dis-
tributed body-force field has been used extensively in throughflow
methods.18'19-23 This concept has also been used in conjunction
with the time-marching techniques for 1) the three-dimensional
Euler equations to model viscous effects in three-dimensions,16

2) the three-dimensional Navier-Stokes equations to model mul-
tistage effects in turbomachines,14 and 3) the three-dimensional
Euler equation combined with an actuator-disk model to study pro-
peller/airframe flow interaction.24 In this proposed method, we intro-
duce the concept of a discrete body-force field to model the presence
of a finite number of infinitely thin blades in a cascaded blade row.

We begin by noting two important characteristics of the blade
body-force field. First, the blade body force must be zero everywhere
except at the blades. Second, the blade body force must point in
the direction normal to the blade surface since it represents entirely
the reaction on the fluid of ideal pressure forces on the blades.22

When using these two properties, the blade-body force field can be
expressed as

FB =2 8p(a)AVot (3)

In Eq. (3), the blade surfaces as described by the function a are
given by (Fig. 1)

y — f ( x ) ='ns (4)

where n is an integer. For homenthalpic and homentropic flows,
Dang and Isgro25 show that A = A(JC) can be related to the pre-
scribed flow quantity V^ via Crocco's equation,

where the blade velocity Vb\ is defined as the average velocity be-
tween the blade upper and lower surfaces

Hence, the blade body force takes on the form

(6)

(7)

The expression for the blade body force given in Eq. (7) is valid
for the special case of homenthalpic and homentropic flows only.

Fig. 1 Cascade notation.

For general rotational flows, the blade body force still takes on the
form given in Eq. (3), but its strength as described by the function
A(JC) given in Eq. (5) needs to be modified.

The function A(JC) can be related to the local flow by considering
the >> -momentum equation for a control volume enclosing the blade
passage (Fig. 1). On using the flow-tangency condition at the blade
surfaces along with the periodicity condition, the y-momentum
equation applied to this control volume yields

A* / p(FB^ey)dy
Jo

vy(pVxdy)] -\ f Vy(pVxdy)]
-U+A* L./O J*

(8)

Substituting the general expression for the blade body force given
in Eq. (3) into Eq. (8), we obtain

A(x) = - — T-\ f* Pud* [Jo
(9)

We define the circumferential mass-averaged tangential velocity,
denoted by Vy = Vy(x), as

Vy(x) EE - f Vym Jo
(pVxdy) (10)

Using the Eq. (10) definition of Vy, the blade body force takes on
the form

\spbi dx (ID
B. Equations of Motion

The equations to be solved here are the unsteady Euler equations
expressed in terms of the conservative variables, namely,

8t dx dy ~
(12)

In Eq. (12), U is the conservative-variable vector and E and F are
the inviscid flux vectors defined as

U= <

P
pVx

pVy

Et

E =

pVx

pVyVx+p
F = <

PVy

(13)
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and H is the source vector which models the presence of the blades.
On using Eq. (11), the source vector H takes on the form

H =

0
pFB • ex

pFB • ey

0

0

*L
djc
1
0

(14)

Conceptually, the difference in the flow equations between a stan-
dard analysis method and the present inverse method is the presence
of the source term given in Eq. (14). Since the source term is zero ev-
erywhere except at the blades, however, we choose a computational
domain that excludes the blade camber lines so that the source term
H vanishes (Fig. 2). With this choice of computational domain, the
presence of the blade body force in the equations is replaced by the
implementation of a pressure-jump condition across the blade cam-
ber line. This condition can be derived by considering an infinitely
thin control volume enclosing the blade camber line of axial length
AJC. On using the flow-tangency condition along the blade surfaces,
the y-momentum equation applied to this control volume reads

(15)

Substituting the expression for the blade body force given in Eq. (11)
into Eq. (15), the pressure-jump condition across the blade camber
line is obtained:

Given the velocities along the blade upper and lower surfaces, this
equation can be integrated in the axial direction to obtain the blade
camber line /. In the present method, Eq. (IS) is integrated from the
blade leading edge (x = 0) to the blade trailing edge (x = 1), with
the arbitrarily chosen condition / = 0 at the blade leading edge.
Note that in three-dimensional flows, the boundary condition for /
constitutes the blade stacking condition.8

D. Formulation of Inverse Problem
In the proposed inverse method, the circumferential mass-

averaged tangential velocity distribution Vy (x) in the bladed region
(or the blade loading) is prescribed, and the blade camber line f ( x )
is calculated. We note that the specification of Vy is subjected to the
Kutta condition, which states that the pressure difference across the
blade trailing edge must be zero. Equation (16) implies that dVy/dx
must vanish at the blade trailing edge to satisfy the Kutta condition.
The calculation of the blade shape consists of periodically updating
the blade camber line f ( x ) using Eq. (18) during the time-marching
process of the unsteady Euler equations to steady state.

IV. Numerical Technique
In the inverse problem, every time the blade shape is updated

during the time-marching process, a new computational mesh needs
to be generated. To alleviate the grid generation task, the simple
sheared H grid topology is employed (Fig. 2). This choice of grid
topology reduces to the need to generate the mesh in the (x, a) plane
only once at the beginning of the inverse calculation. This mesh is
a simple rectangular mesh since 0 < a < s. During the iteration
process for the blade camber line /(*), the y coordinate is updated
using Eq. (4), namely,

ytj = <*ij + ft (19)

where atj is fixed and /-varies during the iteration process for the
blade shape.

A. Flow Solver
The unsteady Euler equation is marched to steady state using

the cell-centered finite volume Runge-Kutta time-stepping scheme
proposed by Jameson et al.17 This scheme consists of discretiz-
ing the integral form of Eq. (12) using a finite volume technique
which reduces to a centered-difference approximation on a uniform
square grid. Blended nonlinear second- and fourth-difference artifi-
cial dissipations are needed to prevent oscillations in the numerical
solutions. The resulting system of ODEs is then integrated using a
four-stage Runge-Kutta time-stepping scheme. The details of this
algorithm are not given here and can be found in Jameson et al.17 We
note that no convergence-acceleration technique is implemented in
our computer code.

(16)

Equation (16) is the well-known relation between the blade pres-
sure loading and the circumferential mass-averaged tangential
velocity Vy.

C. Camber Line Generator
In the inverse mode, the flow-tangency condition along the blade

surface is replaced by a pressure-jump boundary condition in solv-
ing Eq. (12). We use the flow-tangency condition to update the blade
camber line. The mathematical statements of the flow-tangency con-
ditions along the blade upper and lower surfaces are

V± • Va = 0 (17)

Adding relations (17) and using Eq. (4) yields an initial-value or-
dinary differential equation (ODE) problem for the camber line
function /

djc (18)

B. Boundary Conditions
The standard method of imposing boundary conditions based on

the theory of incoming and outgoing characteristic waves is adopted
here. In the case of subsonic inflow, we specify {P0i, TOI, /*i}> and
we extrapolate the static pressure p\. In the case of supersonic in-
flow, we specify {Poi, 7bi» Pi, M\}. In the case of subsonic outflow,
we specify the exit static pressure p2, and we extrapolate for the re-
maining three primitive variables. Finally, in the case of supersonic
outflow, we extrapolate all four primitive variables.

Outside the bladed region, the usual periodic boundary condi-
tion is applied along the upper and lower boundaries. In the bladed
region, the flow-tangency conditions on the blade surfaces are not
enforced in the inverse mode. Instead, a pressure-jump condition
is imposed across the blade surfaces, and fluid is allowed to cross
the blade surfaces during the iteration process for the blade camber
line. This type of "permeable" boundary condition through a solid
boundary during the transient calculation has been used in earlier
studies6"9 and in the two-dimensional inverse method recently pro-
posed by Leonard and Van den Braembussche.2 The flow-tangency
conditions along the blade surfaces are used to update the blade
shape via the camber line generator [Eq. (18)]. Consequently, when
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blade

Fig. 3 Computational cells located above and below blade.

the solution converges, the blade camber line is successfully ad-
justed so that the flow is tangent to the blade surfaces, and the
flow-tangency conditions on the blade surfaces are satisfied.

In the present cell-centered finite volume formulation, the tech-
nique used to evaluate the fluxes for the computational cells lo-
cated along the upper and lower boundaries is as follows. In the
bladed region, the computational cells along the lower boundary
are chosen to be located just above the blade (cell ; = 2 shown in
Fig. 3), whereas the computational cells along the upper boundary
are chosen to be located just below the blade (cell j — my shown
in Fig. 3). For these cells, we propose the following procedure for
the inverse problem to evaluate the fluxes at the cell faces adjacent
to the blades. The density and the velocity components are taken to
be the blade values, namely,

Pbl = (P + P ) =

VU EE \(V+ + V~) =

• Pi,j = my) (20)

(21)

For the pressure, we need to be consistent with the pressure-jump
condition given in Eq. (16). This condition is satisfied by evaluating
the pressure force along the cell faces adjacent to the upper and
lower surfaces as follows:

where

pbl EE ( (23)

Clearly, when the solution converges, the flow is aligned with the
blade profile, and the only contributions in the flux vectors E and
F at the cell faces adjacent to the blades are the pressure forces.
Consequently, averaging the density and the velocity components
at the cell faces adjacent to the blade will not cause any numerical
errors since the mass, momentum, and energy fluxes are all zeros at
these cell boundaries when the solution converges.

A computer program written in both the analysis and inverse
modes was developed. In terms of coding, the primary difference
between the analysis mode and the inverse mode is in the subroutine
used to evaluate the fluxes at the cell faces next to the blades. In
the analysis mode, the flow-tangency condition is imposed at these
cell faces, whereas in the inverse mode, a pressure-jump condition
is imposed at these cell faces. In addition, in the inverse mode,
the blade shape along with the computational mesh is periodically
updated during the time-marching process.

V. Results
The first example presented is the design of a compressor blade

in the subsonic-flow regime. The computational mesh has 64 cells
in the streamwise direction and 24 cells in the pitchwise direction
(Fig. 2). The blade spacing-to-chord ratio s is chosen to be unity,
the inflow angle is taken to be 50 deg, and the back pressure is set
at 0.85 (normalized to P0i)- The prescribed blade loading shape is
a parabolic profile of the form

dx
(24)

which has the maximum loading located at midchord. In the present
design, the overall change in the circumferential mass-averaged tan-
gential velocity A Vy is set at -0.40 [normalized to (flfoi)1/2]. Note

Fig. 4 Comparison of Mach number contour: irrotational flow at top
of figure and rotational flow at bottom of figure.

that the blade pressure loading given in Eq. (24) vanishes at the
blade leading edge (x = 0) and trailing edge (jc = 1). Hence, it en-
forces the zero-incidence condition at the leading edge and satisfies
the Kutta condition at the trailing edge.

Both irrotational and rotational upstream flows are considered
in this example. For the latter case, the upstream circumferential
variations in the stagnation pressure and stagnation temperature are
taken to be of the form

= 1 +
APoi

POI

roi(y)
ffll

•H)

•W

(25)

(26)

where AP0i/^oi = 0.05 and Ar0i/fm = -0.05.
Figure 4 illustrates the Mach number contours about the de-

signed blade passages. The top contour plot corresponds to the
irrotational-flow case, whereas the bottom contour plot corresponds
to the rotational-flow case. The Mach number in the flowfield ranges
from 0.45 to 0.85 for these two subsonic-flow designs. It is interest-
ing to note that the designed blade profiles in the irrotational- and
rotational-flow cases are very similar.

Next, the analysis mode of the present code is used to verify the
solutions given by the inverse mode. To carry out this consistency
check, the flowfields through the blade passages designed using the
inverse mode of the code are analyzed using the analysis mode of
the code. The first consistency check is to confirm that the designed
blade profiles do produce the prescribed Vy distribution given in
Eq. (24). Figure 5 illustrates excellent comparisons of the Vy dis-
tribution between the prescribed values (solid line) and the values
given by the analysis method (circle symbol). The distribution of Vy
in the analysis mode is computed from the numerical solution using
the definition given in Eq. (10). A more difficult consistency check is
the comparison of the local flow variables such as the Mach number
distribution on the blade surfaces. Figure 6 shows excellent compar-
isons of the blade surface Mach number distributions given by the
inverse method (solid line) and the analysis method (circle symbol).

The next example concerns the design of supersonic throughflow
(STF) fans. In a STF blade design, the axial component of the ve-
locity remains supersonic throughout the blade row. In this study,
the STF blades are designed using the following uniform inflow
conditions. The inflow Mach number is chosen to be 2.0, and the
inflow angle is taken to be 20 deg. The blade spacing-to-chord ra-
tio s is chosen to be 0.35, and the blades are to be^ designed such
that the flow leaving the blades has zero swirl (i.e., Vy2 = 0). Using
these prescribed inflow conditions, the overall change in the normal-
ized circumferential mass-averaged tangential velocity A Vy can be
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Fig. 5 Comparison of Vy(x): inverse mode is solid line and analysis
mode is circle symbol.
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Fig. 6 Comparison of blade-surface Mach number: inverse mode is
solid line and analysis mode is circle symbol.

shown to be —0.603. Finally, the computational mesh has 136 cells
in the stream wise direction and 24 cells in the pitchwise direction.

To demonstrate the usefulness of this inverse method, we begin
this design study by intentionally choosing a poorly designed initial
blade profile, followed by an attempt to improve the design using
the proposed inverse method. The initial blade profile is generated
using the "conventional" approach, namely, a smooth blade angle
distribution is assumed from which the blade profile is generated.
The axial distribution of the blade angle for the initial blade design
is chosen to be

= (tan fa - tan _g + tan fa (27)

In the present design, we choose a = 2. In Eq. (27), the blade angle
at the leading edge is set to be the freestream flow angle (fa = 20
deg, zero incidence condition), and the blade angle at the trailing
edge is set to 0 deg with the intention that the flow leaves the blade ax-
ially (fa = 0 deg, blade deviation angle is assumed to be zero). The
blade profile for this initial design is illustrated in Fig. 7 (circle
symbol).

The flowfield about this blade was analyzed using the analysis
mode of the code. Figure 8 (top part) illustrates the predicted Mach
number contour about this initial design. This plot shows the pres-
ence of strong incident and reflected shocks appearing in the blade
passage at the 85% axial chord location. Figure 9 (top part) shows
the predicted entropy contour (normalized to the gas constant R).
This figure confirms the presence of these oblique shocks, as indi-
cated by the entropy increase behind the incident shock (formed by
the convergence of the compression waves along the blade pressure

0.1 0.2 0.3 0.4 0.5 0.6 0.7
axial location

0.8 0.9

Fig. 7 Comparison of blade camber line: initial design/analysis mode
is circle symbol, initial design/inverse mode is solid line, and improved
design is dashed line.

5
2.55

Fig. 8 Comparison of Mach number contour: initial design is at top of
figure and improved design at bottom of figure.

2
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0.0425
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edge

0.5 1.0
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Fig. 9 Comparison of entropy contour: initial design at top of figure
and improved design at bottom of figure.

surface near the leading-edge region) and the entropy increase be-
hind the reflected shock (originated at the 85% axial chord location
on the blade suction surface). Finally, Fig. 10 (circle symbol) shows
the detailed blade surface Mach number distribution. It clearly in-
dicates the presence of a strong shock at the 85% axial location and
a reverse loading region between the 85% axial chord location and
the blade trailing edge.

Next, a consistency study was carried out to reproduce this initial
blade profile using the inverse mode of the computer code. This con-
sistency study is rather challenging because this smooth blade profile
corresponds to a flowfield with strong shocks in the blade passage.
To carry out this consistency check, we need to determine the overall
change in the normalized circumferential mass-averaged tangential
velocity A Vy of the initial blade design and the loading shape. These
quantities can easily be extracted from the flow solutions obtained
from the analysis mode. The overall change in the normalized cir-
cumferential mass-averaged tangential velocity AVy is calculated
by the analysis mode to be —0.699. Figure 11 (solid line) illustrates
the loading shape of the initial blade design. This figure shows the
presence of 1) a rapid drop in the blade loading at the 85% chord



2314 DANG AND ISGRO

2.8

5 2.6

2.4

cu 2.2

1.8

1.6

' initial
design

2.8

2.6

2.4

2.2

1.8

1.6

improved
design

0 1
axial location

0 1
axial location

Fig. 10 Comparison of blade-surface Mach number: initial design/
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Fig. 11 Comparison of blade loading shape.

location and 2) a reverse (negative) loading region between the 85%
chord location and the blade trailing edge. The loading shape given
in Fig. 11 along with the computed value of A Vy = —0.699 are used
to generate the Vy distribution for the inverse mode. Figure 7 shows
very good agreement in the blade camber line distribution between
the prescribed blade geometry (circle symbol) and the blade geom-
etry computed by the inverse mode (solid line). Figure 10 illustrates
an excellent comparison of the blade surface Mach number distri-
bution between the analysis mode (circle symbol) and the inverse
mode (solid line).

Finally, the proposed inverse method is used to improve this initial
design which has at least two deficiencies. First, this blade profile
overturns the flow by about 15% (i.e., the computed value of A Vy
is -0.699 compared to the designed value of -0.603). Second,
the blade loading distribution shows the presence of an undesirable
negative loading region (Fig. 11, solid line). To correct for these
deficiencies, the inverse mode of the computer code is employed to
obtain an improved blade design. The first deficiency is easily fixed
since the inverse mode allows for a direct specification of A Vy. The
second deficiency is accomplished by modifying the loading shape
of the initial blade design so that the discontinuity at the 85% axial-
chord location and the reverse loading region near the blade trailing
edge are removed. Figure 11 (dashed line) shows the prescribed
loading shape used to generate an improved blade design.

Figures 8 and 9 compare the Mach number and entropy contours
between the initial design (top part) and the improved design (bot-
tom part), respectively. Figure 10 compares the blade surface Mach
number distribution between the initial design and the improved de-
sign. These figures clearly show that the improved design is superior

to the initial design. Figure 9 shows that the improved design has
weaker shocks than the initial design (the entropy rise is reduced
by a factor of 4), and Fig. 10 shows that the improved design does
not have a reverse loading region. It is interesting to note that both
design have incident shocks along the suction surface at the 85%
chord location, but the reflected shock is absent in the improved de-
sign. Figure 10 shows that the maximum Mach number in the blade
passage is reduced. This is due to the fact that 1) the reverse blade
loading is not present in the improved design and 2) the blade load-
ing parameter A Vy in the improved design is reduced from -0.699
to -0.603.

Figure 7 compares the initial and improved blade geometries. The
most noticeable geometrical feature of the improved blade design is
the presence of a shoulder (or a kink) around the 85% chord location.
This shoulder produces a shock cancellation effect and results in the
absence of the reflected shock in the improved blade design.

In terms of computational time, the analysis calculations for the
subsonic-flow design with a 64 x 24 mesh take 5000 time steps to
converge, whereas the inverse calculations take 10,000 time steps
to converge. For the STF design, the analysis calculations with a
136 x 24 mesh take 1500 time steps to converge, whereas the inverse
calculations take 2000 time steps to converge. These convergence
rates are rather slow and are due to the fact that no convergence-
acceleration technique is employed in these calculations. The CFL
number used in these calculations is 2. In the inverse mode, the blade
profile is updated every 10 time steps, and an under-relaxation value
of 0.2 is used to update the blade camber line /.

VI. Summary
A three-dimensional inverse method for the design of turbo-

machine blades using existing time-marching techniques for the
numerical solutions of the Euler equations is proposed. The gen-
eral philosophy of this inverse method is based on the circulation
method.6"8 The primary difference between the present formulation
and the earlier formulation is in the use of conservative variables
rather than Clebsch variables. In this inverse method, the prescribed
flow quantity is the circumferential mass-averaged tangential veloc-
ity distribution in the bladed region (or the blade loading), and the
calculated geometrical quantity is the blade shape. :

In this proposed inverse method, the presence of the blades are
replaced by a periodic array of discrete body force field, which is
shown to be related to the prescribed circumferential mass-averaged
tangential velocity distribution. This discrete body force field is
included in the numerical solution of the Euler equations via a
pressure-jump boundary condition along the blade surfaces. A four-
stage Runge-Kutta time-stepping scheme is used to march a finite
volume formulation of the unsteady Euler equations to a steady-
state solution.17 The blade profile is periodically updated during this
time-marching process using the flow-tangency conditions along the
blade surfaces.

In this paper, the method is demonstrated for the design of in-
finitely thin cascaded blades ranging from the subsonic- to the
supersonic-flow regimes. Examples presented include the design
of compressor blades in irrotational and rotational flows, and super-
sonic throughflow fans with complex shock structures in the blade
passage. Consistency checks for all of these design calculations are
carried out using the analysis mode of the code.

As the purpose of this work is to introduce a newly developed
three-dimensional inverse method for the aerodynamic design of
turbomachinery blades, several assumptions are used in this initial
study to facilitate the implementation of the theory. Specifically, the
blades are assumed to be infinitely thin, and the flow is taken to be
two dimensional and inviscid. With the use of these assumptions
the method in its present form does not provide a useful design
tool. It is important to recognize, however, that the purpose of the
present study is not to develop another two-dimensional inverse
method but rather to present the first step in the development of a
fully three-dimensional and viscous inverse method. The extension
of this method to three dimensions will be reported in Part 2. The
theory formulated in this paper has been extended to handle blades
with finite thickness21 and we plan to incorporate the viscous body-
force concept of Denton16 to handle viscous effects.
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